Moment Redistribution: Principles
and Practice Using ACI 318-02

By Kenneth B. Bondy!

ABSTRACT: This paper describes the fundamentals of in-
elastic moment redistribution in indeterminate prestressed
concrete members, with a particular focus on the new “uni-
fied design provisions” of the 2002 ACI Building Code
(ACI 318-02) and how they affect moment redistribution.
The fundamentals and statics of “secondary moments” in

indeterminate prestressed members is discussed and ex-
plained in detail. Examples are presented for the analysis
and the design of multi-span prestressed concrete beams
in accordance with the new code. Recommendations are
made for changes to ACI 318 that will modify certain as-
pects of moment redistribution and secondary moments not
adequately addressed in the current edition.
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1.0 INTRODUCTION

Moment redistribution provides the designer of continuous
prestressed and non-prestressed beams and slabs a valuable
tool for cost-efficient design. Understanding and taking ad-
vantage of the effects of inelastic behavior in indeterminate
members generally permits the designer to reduce both the
maximum elastic positive and negative moments when live load
is “skipped” (arranged in patterns that produce maximum pos-
sible positive and negative moments at all sections), thus nar-
rowing the envelope of demand moments across the spans,
and reducing the amount of reinforcing required for any given
factor of safety. Moment redistribution also often permits the
“shifting” of moments from cross-sections that are less effi-
cient in resisting moment to those that are more efficient, re-
sulting in further savings in reinforcing. Significant changes
have been made to “Building Code Requirements for Struc-
tural Concrete (ACI 318-02) and Commentary (ACI 318R-
02)” that simplify and unify moment redistribution in both
prestressed and non-prestressed continuous beams and slabs.
This paper will address the fundamentals of moment redistri-
bution and how the new code affects design practices. It will
also address the related subject of secondary moments in con-
tinuous prestressed concrete members, and how they interact
in the moment redistribution process.

20 WHAT IS MOMENT REDISTRIBUTION?

Moment redistribution is a term that describes the behavior of
an indeterminate concrete member after first yielding occurs at
some cross-section of the member. As applied load is increased
on an indeterminate member, the response is initially elastic
(deflections, moments, shears are linearly proportional to ap-
plied load and can be calculated by elastic indeterminate theory)
up to the load where yielding first occurs in any cross-section.
The applied load producing first yielding at any cross-section
is called w,. Incremental applied load w, greater than w, is
assumed to produce inelastic rotation at the yielded section,
but no change in applied moment. Since w, produces no incre-
mental moment at the yielded cross-section, incremental mo-
ments resisting w, are developed at sections other than the
initially yielded section. Thus after first yielding, moments are
redistributed to other cross-sections of the member which are
still elastic. As w, increases, eventually other sections will
yield and develop hinges. When enough hinges have devel-
oped in any span of the member to make it unstable (a mecha-
nism rather than a flexural member), the member is considered
to have failed. The load at which a mechanism forms in any
span is called the “limit” load in that span.
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Inelastic behavior in indeterminate concrete members is ide-
alized by a bilinear moment-curvature relationship shown in
Fig. 1. The cross-section is assumed to respond elastically
up to an applied moment of @M, at which point the section
de-velops a “plastic hinge”, and incremental curvature (rota-
tion) occurs at the section with no change in moment.

The inelastic behavior of a continuous member depends on
whether yielding first occurs in a negative moment region (at
a support) or in the field of the member in the positive mo-
ment region. ACI 318 code requirements permit first yielding
in either positive or negative moment regions, although this
is not immediately obvious.

Moment redistribution is used in the design of continuous
con-crete members by providing a flexural capacity @M, at

relationship the negative or positive moment regions of the member (or both)
that is less than the moment at the same point calculated by
elastic theory. The reduced moment capacities must be stati-
cally consistent with moments at other sections of the mem-
ber under the same loading condition.
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Fig. 2 - Moment redistribution - hinging at supports
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3.0 FIRST YIELDING IN NEGATIVE MOMENT
REGIONS (SUPPORTS)

Fig. 2 shows a moment diagram for an interior span of length
L in a multispan continuous beam with an applied uniform
load w per length of beam. The beam has constant positive
and negative flexural capacities @M of 4.0 “units”. In the
elastic range the negative moment at each end of the beam is
-wL¥I2 and the positive moment at midspan is +wL%24.
Curve 1 is an elastic moment diagram in which the negative
moment has just reached the yield moment of -4.0 units. Un-
der this load w,, the positive moment is +2.0 units. The load
which produces this moment diagram (Curve 1) is:

12x4 48
W= L2 ——LT .......................................... )]

As the load increases beyond w, the ends of the beams act as
hinges undergoing inelastic rotation with no change in mo-
ment (the moment stays constant at -4.0 units). The beam is
stable and can carry additional load w, as a simple-span deter-
minate beam with pinned ends and a constant end moment.
This post-yielding rotation at the beam ends is an inelastic
behavior, and the amount of rotation possible before failure at
the section (crushing of the concrete or tensile rupture of the
steel) is a measure of the ductility of the section. At some load
w+w, the midspan yield moment of +4.0 units will be reached
and the inelastic moment diagram of Curve 2 in Fig. 2 will be
produced. At this point the span has developed three “hinges”
and becomes unstable, incapable of resisting addi-tional load
in flexure. The limit load w, =w + w, which produces the
moment diagram of Curve 2 is determined as follows:

2
——Wﬁr‘;L = M} +¢M; =8
64 e o))
Wlimit = F

Itis of interest to calculate the moment diagram which would be
produced if the beam responded elastically to the limit load w
The negative moment at each end of the span is:

64 \L' 64
M= 22 =2 o533
e (LZ )12 12 ......................... (3)

The positive elastic moment is:

limit*
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In Fig. 2 Curve 3 is the elastic moment diagram which would be
produced by the limit load w,, .. At all points where the elastic
Curve 3 exceeds the yield capacity @M , inelastic behavior is
required of the section. The ratio between the elastic moment
and the yield moment at any point is a measure of the amount
of inelastic behavior required at that point to develop the limit
loadw,, .. The amount of inelastic rotation or “redistribution”
required at a section can be defined as:

%R =100 1- o,
M

where M, is the elastic moment at the section under consider-
ation. In the example of Fig. 2 the amount of redistribution
required at the ends of the span to develop the limit load is:

%R =100(1-—2 |=24.9%
5.33

4.0 FIRST YIELDING IN POSITIVE MOMENT
REGIONS (MIDSPANS)

It is also possible for yielding to occur first at midspan in posi-
tive moment regions. Fig. 3 shows such a case, where in this
span the flexural capacities at supports and midspan are -3.0
units and +1.0 unit respectively. Aload of w, produces Curve 1,
the elastic moment diagram in which the positive moment has
justreached @M =+1.0 at midspan. The magnitude of w, is:

C12x2 24
w, = L2 —F .......................................

A plastic hinge develops at midspan under this load, and addi-
tional load w, beyond w, is resisted by two cantilevers off of the
left and right supports. The support moments increase until, at
aload of w, .=w +w, the support sections yield. The moment

diagram produced by the limit load is shown in Fig. 3 as Curve 2.
The limit load is:

2
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PTI Journal 1 5



i+1

2.0

+1.0

M=0

2.67

Fig. 3 -Moment redistribution -- hinging at midspan

The elastic negative moment which would be produced by
is:

limit ="

_ (32)\r
Me= —[:2— E=2.67 (9)

The positive elastic moment that would be produced by w, _ is:

limit

32\ I?
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The elastic moment diagram which would be produced by w, _ is
shown in Fig. 3 as Curve 3. The amount of redistribution re-
quired at midspan is:

%R =100 1——1— =24.8%
1.33
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Note in this case there is no inelastic behavior required at the
supports in the negative moment region. All of the inelastic
redistribution occurs in the positive moment region at midspan.
The elastic negative moment under w, . has been increased in
magnitude by 12.4% (from -2.67 units to -3.0 units) in order to
achieve the reduction in positive moment. Note that the per-
centage change in the negative support moment (where no
inelastic behavior is involved) is significantly smaller (half)
than the percent change in positive moment, where inelastic
behavior is required.

5.0 EXAMPLES

To demonstrate the mechanics of moment redistribution, a two-
span beam model on pinned supports will be used, since it is
the simplest indeterminate member available that illustrates all
of the necessary aspects of moment redistribution. In order to
demonstrate the effects of “secondary moments” through the
entire range of loading, the beam model will be assumed to
contain both prestressed and non-prestressed reinforcement.
Additional factors such as more spans, support width, sup-
port stiffness, etc., albeit realistic, add only mathematical com-
plexity to this basic model without illustrating anything funda-
mental about moment redistribution, therefore these factors
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